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RANDOM SCHRODINGER OPERATORS 



■■ - JEAN-MICHEL COMBES, FRANCOIS GERMINET, AND ABEL KLEIN 

0^ ■ 
O, 

(_P , Abstract. We show absence of energy levels repulsion for the eigenvalues of 

Cn ' random Schrodinger operators in the continuum. We prove that, in the local- 

ization region at the bottom of the spectrum, the properly rescaled eigenvalues 
of a continuum Anderson Hamiltonian are distributed as a Poisson point pro- 
cess with intensity measure given by the density of states. We also obtain 
Qs 1 simplicity of the eigenvalues. We derive a Minami estimate for continuum An- 

derson Hamiltonians. We also give a simple and transparent proof of Minami's 
estimate for the (discrete) Anderson model. 

2 ' 1- Introduction 
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In this article we show absence of energy levels repulsion for the eigenvalues of 
random Schrodinger operators in the continuum. We prove that, in the localiza- 
tion region at the bottom of the spectrum, the properly rescaled eigenvalues of a 
continuum Anderson Hamiltonian are distributed as a Poisson point process with 
ly^ ] intensity measure given by the density of states. We also obtain simplicity of the 

^^ ' eigenvalues in that region. 

^^ I Local fluctuations of eigenvalues of random operators is believed to distinguish 

[~^ ■ between localized and delocalized regimes, indicating an Anderson metal-insulator 

^D I transition. Exponentialdecay of eigenfunctions implies that disjoint regions of space 

are uncorrelated and create almost independent eigenvalues, and thus absence of 
energy levels repulsion, which is mathematically translated in terms of a Poisson 
point process. On the other hand, extended states imply that distant regions have 
mutual influence, and thus create some repulsion between energy levels. Local 
fluctuations of eigenvalues have been studied within the context of random matrix 
C^ I theory, in particular Wigner matrices and GUE matrices, cf. ^B , DiPS, ESYl, ESY21 

|J1 | [J2 |[SS] and references therein. It is challenging to understand random hermitian 
band matrices from the perspective of their eigenvalues fluctuations, by proving a 
transition between Poisson statistics and a semi-circle law for the density of states 
(a signature of energy levels repulsion), and relate this to the (discrete) Anderson 
model, cf. [Bj IDiPS| . CMV matrices are another class of random matrices for 
which Poisson statistics and a transition to energy levels repulsion have been proved 
[KSl[StniSt2] . 

For random Schrodinger operators, Poisson statistics for eigenvalues was first 
proved by Molchanov jMo2 l for the same one-dimensional continuum random Schro- 
dinger operator for which Anderson localization was first rigorously established 
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[GoMPj . Molchanov's proof was based on a detailed analysis of localization in 
finite intervals for this particular random Schrodinger operator |Mol| . 

Poisson statistics for eigenvalues of the Anderson model was established by Mi- 
nami [MJ. The Anderson model, a random Schrodinger operator on £^(Z''), is the 
discrete analogue of the Anderson Hamiltonian. A crucial ingredient in Minami's 
proof is an estimate of the probability of two or more eigenvalues in an interval. 
The key step in the proof of this estimate, namely [Ml Lemma 2], estimates the 
average of a determinant whose entries are matrix elements of the imaginary part 
of the resolvent. The more recent proofs of Minami's estimate by Bellissard, Hislop 
and Stolz [BHS and Graf and Vaghi |GrV| are variants of Minami's. Since those 
arguments do not seem to extend to the continuum, up to now a Minami-type esti- 
mate and Poisson statistics for the eigenvalues have been challenging questions for 
continuum Anderson Hamiltonians. 

In this article we introduce a totally new approach to Minami's estimate. Unlike 
the previous approach, ours relies on averaging spectral projections, a technique 
that does extend to the continuum. Combined with a property of rank one per- 
turbations, it provides a simple and transparent proof of Minami's estimate for the 
Anderson model, valid for single-site probability distributions with compact sup- 
port and no atoms, which is presented here as an illustration of the method. On the 
continuum, our proof of Minami's estimate circumvents the unavailability of that 
rank one property by averaging the spectral shift function, using refined bounds on 
the density of states not previously available. 

Once we have Minami's estimate in the continuum, we prove Poisson statistics 
for eigenvalues of the Anderson Hamiltonian. We start by approximating the point 
process defined by the rescaled eigenvalues by superpositions of independent point 
processes, as in |Mo21lM] . But our proof that these superpositions converge weakly 
to the desired Poisson point process differs from Minami's for the Anderson model, 
since his way of identifying the intensity measure of the Poisson process, which 
relies on complex analysis, is not readily applicable in the continuum. We identify 
this intensity measure using methods of real analysis. 

Klein and Molchanov [K1M| showed that Minami's estimate implies simplicity 
of eigenvalues for the Anderson model, a result previously obtained by Simon [Sil] 
by different methods. Their arguments can also be applied in the continuum, so we 
also obtain simplicity of eigenvalues in the continuum. Previous results CoH, GK5] 
proved only finite multiplicity of the eigenvalues in the localization region. 

2. Main results 

To state our results we introduce the following notation. We write 

Ai(x):=x+[-f,f[' (2.1) 

for the (half open- half closed) box of side i > centered at x G R"*. By A^ we 
denote a box Al(x) for some a; e M'^. Given a box A = Al{x), we set A = AnZ''. If 
B is a set, we write xb for its characteristic function. We set Xx '■— XKl{x)- The 
Lebesgue measure of a Borel set S C M will be denoted by \B\. If r > 0, we denote 
by [r] the largest integer less than equal to r, and by [[r]] the smallest integer bigger 
than r. By a constant we will always mean a finite constant. Constants such as 
Ca,b,... will be finite and depending only on the parameters or quantities a,b,. . .; 
they will be independent of other parameters or quantities in the equation. 
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We consider random Schrodinger operators on L^(M'') of the type 

H^:--A + Fpe, + K;, (2.2) 

where: A is the d-dimensional Laplacian operator; Vp^r is a bounded Z'^-periodic 
potential; and V^ is an Anderson-type random potentiah 

Vij{x) :— y^ujjUj{x), with Uj{x) = u{x — j), (2-3) 

jei,'' 

where the single site potential u is a nonnegative bounded measurable function on 
W^ with compact support, uniformly bounded away from zero in a neighborhood 
of the origin, and uj = {<-^j}j£Z'' is a family of independent identically distributed 
random variables, whose common probability distribution fi is non-degenerate with 
a bounded density p with compact support. 

We normalize H^^ as follows. We first require inf supp/i = 0, which can always 
be realized by changing the periodic potential Vpor- Second, we set \\u\\^ — 1, 
which can achieved by rcscaling /i. We then adjust V^or by adding a constant 
so inf CT (— A + Vpcr) = 0, in which case [0, i?*] C a{—A + Vpci) for some E^, > 
0. Thus, without loss of generality, we will assume that the random Schrodinger 
operator H^^ given in (I2.2p - ()2.3p is normalized as follows: 

(I) The free Hamiltonian Hq := — A + Vpcr has as the bottom of its spectrum: 

infcr(i7o) = 0. (2.4) 

(II) The single site potential u is a measurable function on K'^ such that 

Ikllcc- == 1 a^^d M-XA,_(o) <u< XAs^io) with u-,S± g]0,oo[; (2.5) 

we set 

Ejez^^j <max{l,<5^}. (2.6) 



f/+:= 



(III) u) — {LUj}jfzzd is a family of independent, identically distributed random 
variables, whose common probability distribution fi has a density p such 
that 

{0,Mp} e esssuppp C [0, A/p], with Mp e]0,oo[ and p+ := ||p||^ < oo. (2.7) 

A random Schrodinger operator H^j on L^(M'') as in (|2.2p - (|2.3|l . normalized as 
in (I)-(III), will be called an Anderson Hamiltonian. The common probability 
distribution p in (III) is said to be a uniform-like distribution if its density p also 
satisfies p_ :— essini pxio,Mp] > 0, in which case we have 

P-X[o,Mp] < P < P+X[o,M,] with p±,Mpe]Q,(x>[. (2.8) 

An Anderson Hamiltonian H^^ is a Z'^-ergodic family of random self-adjoint 
operators. It follows from standard results (cf. [KlMl ICLl IPF] ) that there exists 
fixed subsets E, Epp, Eac and Egc of M so that the spectrum a{H^) of H^^, as 
well as its pure point, absolutely continuous, and singular continuous components, 
are equal to these fixed sets with probability one. With our normalization, the 
non-random spectrum E of an Anderson Hamitonian Hi^ satisfies (cf. |KiM| ) 

a(i/o)cEc[0,oo[, (2.9) 

so inf E = and [0, E^] C E for some E^ = E^ {Vp„) > 0. Note that E = ct (- A) = 
[0,00 [ if Vr = 0. 
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An Anderson Haniiltonian H^: exhibits Anderson and dynamical localization at 
the bottom of the spectrum [HMI ICHHI IKEI IKISSI ICDI ID^ IGKTI IGKSI lAENSSj . 
More precisely, there exists an energy £'1 > such that [0,-Ei] C "Ep^ , where "Ep^ 
is the region of complete localization for the random operator H^ |GK4i IGK5| . 
(See Appendix [X] for a discussion of localization. Note that M \ S C Ep^ in our 
definition.) Similarly, given an energy Ei > 0, we have [0, Ei] C E'~^^ if p^ in (|2.7|) 
is sufficiently small, corresponding to a large disorder regime. 

Finite volume operators will be defined for finite boxes A = Al{j), where j £ 1^ 
and L S 2N, L > bj^. Given such A, we will consider the random Schrodingcr 
operator fUx, on L'^ (A) given by the restriction of the Anderson Hamiltonian i/i^ 
to A with periodic boundary condition. To do so, we identify A with a torus in the 
usual way by identifying opposite edges, and define finite volume operators 

7j(^):=i/(^)+yi^) on L2(A). (2.10) 

The finite volume free Hamiltonian Hq is given by 

^(A) .^ _^(A) ^ y^(A) ^^ l2(A), (2.11) 



where A*- ' is the Laplacian on A with periodic boundary condition and Vpcr is 
the restriction of Vpcr to A. The random potential Ki is the restriction of T4j(a) 
to A, where, given a; = {^iljgZ'' ' '*^^^^ = 1 ^i 1 ^^ defined as follows: 

u}\ — uji if i G A, 

(2.12) 

c^f)=4A) if k-ieLZ^ 

The random finite volume operator Hlj is covariant with respect to translations in 
the torus. If B C M is a Borel set, wc write pL^\b) := xb [h^A and P^{B) := 
Xb{Hi^) for the spectral projections. 

The finite volume operator H^ ' has a compact resolvent, and hence its {u:- 
dependent) spectrum consists of isolated eigenvalues with finite multiplicity. It 
satisfies a Wegner estimate |CoHl [C"oHK2j : Given Eq > 0, there exists a constant 
Kw, independent of A, such that for all intervals / C [0, Eq] we have 



E 



{tTPi^\l)}<KwP+\I\\M- (2.13) 

The constant Kw given in [CoHl [CoHK2j depends on Eq, d, u, Vpa, Mp, but not on 
The integrated density of states (IDS) for H^^ is given, for a.e. E gM., hy 

iV(£;) := lim |Ai(0)p^trPi^^(°»(] -c»,£;]) for P-a.e. w, (2.14) 

L — >co 

in the sense that the limit exists and is the same for P-a.e. a; (cf. |CL[ IPFj ). It 
follows from (|2.13p that the IDS N{E) is locally Lipschitz, hence continuous, so 
([2J41) holds for all E eR. For all £; G M we have 

N{E)^ lim E||Air^rPi,^^)(]- 00, £;])}. (2.15) 
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N{E) is a nondccrcasing absolutely continuous function on R, the cumulative dis- 
tribution function of the density of states measure, given by 

Tj{B) := Etr [xq^ Pi^{B)Xo^\ for a Borel set B cR. (2.16) 

In particular N{E) is differentiable a.e. with respect to Lebesgue measure, with 
n{E) :— N'{E) > being the density of the measure rj, so n{E) > for ?7-a.e. E. 

Given an energy f e E, using (|2.13p we define a point process Q J, on the real 
line by the rescaled spectrum of the finite volume operator _ffi, near £: 

&B) :=tr{xB (|A| (i/f^) - f)) } = tr {p(^) [s + \A\-' b)} (2.17) 

for a Borel set _B C M. (We refer to [DVj for definitions and results concerning 
random measures and point processes.) 

Theorem 2.1. Let H^, be an Anderson Hamiltonian with (5_ > 2 and a uniform- 
like distribution fj,. Then there exists an energy Ea > 0, such that: 

(a) For all energies £ G E,'~''^ H [0, Eo[ such that the IDS N{E) is differentiable 
at £ with n{£) :— N'{£) > 0, the point process Q ^ converges weakly, 
as L —> oo, to the Poisson point process ^£ on R with intensity measure 
V£(B) := E&(S) = n{£) \B\, i.e., Avg = n{£)AE^ 

(b) With probability one, every eigenvalue of H^ in S n [0, -Bo[ is simple. 
Similarly, given an energy Eq > 0, (a) and (b) hold if the probability distribution 
ji in (j2.8p has a density p with —p_^_^ sufficiently small. In fact, there exists a 
constant Qd,v „ > 0; such that (a) and (b) hold whenever 

C/+ul2'^p^'-i7d(i?o)niin{l,<-'^-i}max{l,<+'} <grf,v^„, (2.18) 

where we have ^diEo) — 1 ifd> 2, andji{Eo) = 7i,v'per(£'o) g]0, 1] wit/ilim^jg^o 7i(^o) 
0. 

The next theorem gives our Minami estimate for the continuum Anderson Hamil- 
tonian, a crucial ingredient for proving Theorem 12. II 



Theorem 2.2. Let H,^ be an Anderson Hamiltonian with 6- > 2 and a uniform- 
like distribution fi. Then there exists a constant Qd,v „ > 0; such that whenever 
(|2.18p holds for an energy Eq > 0, we have the Minami estimate 

E{(trP(^)(/)) (trPi^)(/) - l)} < Km (p+ |/| |A|)' , (2.19) 

for all intervals / C [0, Eq] and A = A^ with L > L{Eo), with a constant 

Km < Cd,v^.^,M, (1 + So)'"*" • (2.20) 

In more detail: 

(i) // Hi^ is an Anderson Hamiltonian with 5^ > 2, there exists a constant 
Cd,v or such that, given an energy Eq > 0, the Wegner estimate (|2.13p 
holds for all intervals I C [0, Eq] with a constant 

Kw < Cd^v,,.^uZ^%t'^MEo)rnm{l, Ef -''-'} miix{l, Ef^'Y (2.21) 

where we have 7d(-Bo) = 1 if d>2, and ^i(Eq) = 7i,v'„j(-Bo) g]0, 1] with 
Iim£;o^o7i(-E^o) = 0. 
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(ii) // H^ is an Anderson Hamiltonian with a uniform-like distribution fx, and 
for a given Eq > the constant Kw in (I2.13|) satisfies 

2KwU+^ < 1, (2.22) 

then (j2.19p holds for all intervals Id [0, Eq] with a constant Km = 
Cd,v „.u,M ,EoKw ■ If in addition d- > 2, we have (j2.20p . 

Our approach to Minami's estimate is discussed in Section [31 where it is illus- 
trated by a proof of the estimate for the (discrete) Anderson model ( Theorem 13. 3p . 
We also comment on the differences between the discrete and the continuum cases. 

On the lattice (the Anderson model), the Wegner estimate (|2.13p is a simple 
consequence of spectral averaging (cf. (|3.13p ). and holds with Kw = 1 for all Eq 
[Wl IFrSi ICKMl iKij . On the continuum the Wegner estimate, which has not been 
as simple to prove, comes with an Eq dependent constant Kw (which also depends 
on d, Vpor, and u) |CoH|, [CoHK2| . The proof given in [CoH] requires the covering 
condition (5_ > 1. It allows estimates of the constant, but the estimates do not go 
to as either Eq or p+ go to 0. The proof in [CoHK2] does not require a covering 
condition, but it uses [CoHKli Proposition 1.3] (cf. |CoHK21 Theorem 2.1]), which 
relies on the unique continuation principle to show that some constant is strictly 
positive, giving no control on the constant in (|2.13p . To prove that (|2.22p holds, so 
we have (|2.19p . we need suitable control of the constant Kw, as in (|2.2ip . To obtain 
this control we introduce a double averaging procedure which uses the covering 
condition i5_ > 2. 

Note that the estimate ()2.2ip provides a bound on the differentiated density of 
states n{E) := N'{E) in the interval [0, Eq], whenever it exists, since it then follows 
from ([213]) and ((?:2T|l that 

n{E) < Cd,v,^^uZ^%tld{E)mm{l,E^'-''-^^max^l,E^"^'^ . (2.23) 

Once we have the Minami estimate (|2.19l) . we may prove Poisson statistics and 
simplicity of eigenvalues. The next theorem is proven for arbitrary Anderson Hamil- 
tonians. 

Theorem 2.3. Let H^^ be an Anderson Hamiltonian. Suppose there exists an open 
interval X such that for all large boxes A the estimate (|2.19p holds for any interval 
I GT with \I\ < Sq, for some Sq > 0, with some constant K^. Then 

(a) For all energies £ G X n S*^^ such that the IDS N{E) is differentiable 
at £ with n{£) := N'{£) > 0, the point process £,£ ^ converges weakly, 
as L ^ oo, to the Poisson point process ^£ on R with intensity measure 
U£{B) := £^^(5) = n{£) \B\, i.e., dv£ = n{£)dE. 

(b) With probability one, every eigenvalue of H^^ inXD'E.''^^ is simple. 

Theorem I2.3f a) is proven by approximating the point process Cf c^ by super- 
positions of independent point processes, as in |Mo21|M ]. which are then shown to 
converge weakly to the desired Poisson point process. But here our proof diverges 
from Minami's, who used the connection, valid for the Anderson model, between 
the Borel transform of the density of states measure rj and averages of the matrix 
elements of the imaginary part of the resolvent, to identify the intensity measure 
of the limit point process. Instead, we introduce the random measures 

4^liB) := tr {xaP^{£ + \M^^ B)xa} for a Borel set S C K, (2.24) 
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justified by (I2.13|) - (|2.16|) . which wc show to have the same weak limit as the point 
processes ^^ ^, and use them to show that, thanks to the Lebesgue Differentiation 
Theorem, the intensity measure vg of the limit point process S,£ satisfies dvg = 
n{£)<lE. 

Theorem 12.11 follows immediately by combining Theorem 12.21 and Theorem 12.31 
Theorem l2.2l is proven in Sections [3] and [51 In Section [5] we prove Wegner estimates 
with control of the constant in Lemma 14.11 and a Wegner estimate with one ran- 
dom variable loj fixed in Lemma [4.21 Theorem 12.2( 1') follows from Lemma [4.1( 1). 
Section [5| contains the proof of Minami's estimate: Theorem I2.2f ii) is proven in 
Lemma IS.lT i) , completing the proof of Theorem 12.21 Theorem 12.31 is proven in 
Sections [6] and [7l In Section [6] we prove Theorem l2.3r a). namely the convergence of 
the rescaled eigenvalues to a Poisson point process. Finally, in Section [7| we discuss 
how Theorem l2.3f b) follows from the Minami estimate (|2.19p and |K1M) . 

Some comments about our notation: Finite volumes will always be understood 
to be boxes A = ^lHo) with jo G ^'^ and L e 2N, L > (5+. We will always 
identify such A with the torus jo + K'^/^Z'^ . If j G A, we will consider sub-boxes 
K'^^\j) of A, where < s < L, defined by Ai^)(j) := {UfeeLZ'' ^s{] + A:)} n A, i.e., 
X^iA)/-) '■= XA X^fegLZ'' ^A,(j+*:)- Similarly, we define functions Uj on the torus 
A by U; :— XA 'l2keLZ'' ""i+fci ^■'^■' ^^'^ function Uj will be assumed to have been 
wrapped around the torus A. Note that we then have V^ = X^gA'^i"? • ^^ 
will abuse the notation and just write As(j) for Al (j), Uj for u- , and V^, = 
^.^tjjUj. In addition, given j e T n Z'', where T = Ai(0) or M^, we write 

a; = (w^, w,-), and h';'^1 , = h'i'^I , , p':'^l , (/) = P/^] , (/) when we want 
to make explicit that ujj ^ s. 

3. A NEW APPROACH TO MiNAMl'S ESTIMATE ILLUSTRATED BY A PROOF FOR 
THE (discrete) AnDERSON MODEL 

The starting point (and key idea) in our approach is contained in the following 
simple lemma. 

Lemma 3.1. Consider the self-adjoint operator Hs = Hq + sW on the Hilbert space 
Ti, where Hq and W are self-adjoint operators on Ti, with H^ > bounded, and 
s > 0. Let Ps{J) = Xj{Hs) for an interval J , and suppose tr Pgi] — oo, c]) < cx) for 
aH c G M and s > 0. Then, for all a, 6 G M with a < b we have 

trP.(]a,6])<{trPo(]-oo,6])-trPt(]-oo,6])} + trPt(]a,6]) for 0<s<t. 

(3.1) 

Proof. Let a.b eR with a < b and < s < t. Then, since W >0, 

tr P,(]a, fe]) := trP,(] - oo, 6]) - trP,(] - oo, a]) 

<trPo(]-oo,6])-trPt(]-cx3,a]) (3.2) 

= trPoG - (X3, b]) - tr Pt(] - oo, b]) + tr Pt(]a, b]). D 

We will also use the basic spectral averaging estimate: Let Hq and W be self- 
adjoint operators on a Hilbert space TC, with M^ > bounded. Consider the random 
operator H^ := Hq -\- £,W, where ^ is a random variable with a non-degenerate 
probability distribution ii with compact support. The basic spectral averaging 
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estimate for such perturbations of self-adjoint operators says that, given ip € Ti. 
with \\ip\\ = 1, then for all bounded intervals / C M we have ( [CoH[ Corollary 4.2], 
|CoHK2l Eq. (3.16)]) 



E^ 



{{^,VWxi{H^)VWv)} := J dfi{0{^,VWxi{H^)VW^} <Q^{\I\), (3.3) 



where 



if fi has a bounded density p as in (j2.7p 



) (s) .— 

'^ 1 8sup£(gjj/i([a, a + s]) otherwise 

As a consequence, given a trace class operator S" > on 7i, we have 

E^[tr [VWxi{H^)Vws]} < (tr5)g^(|/|). (3.4) 

Note that the measure fi has no atoms if and only if linisio Qi-i{s) = 0. 

Lemma |3. II will allow the decoupling of random variables for the performance of 
two spectral averagings. 

We will first illustrate our approach to Minami's estimate by giving a simple 
and transparent proof of the estimate for in the discrete case, i.e., for the Anderson 
model. We will then comment on how to proceed in the continuum case, i.e., for 
the Anderson Hamiltonian. 

3.1. Minami's estimate for the (discrete) Anderson model. An Anderson 
model will be a discrete random Schrodinger operator of the form 

H^=Ha + K, on fiZ'^), (3.5) 

where Hq is a bounded self-adjoint operator and VL, is the random potential given by 
Vui{j) — LOj for j G Z , where uj = {uoj^j^f^d is a family of independent, identically 
distributed random variables with common probability distribution /i. (The usual 
Anderson model has H^ = —A, where A is the discrete Laplacian.) We assume ^ 
has compact support and no atoms. Adjusting Hq and /i, we may assume 

{0,M} e supp/iC [0,A/] with M e]0,oo[. (3.6) 

operator of the form 



Restrictions of H^^ to finite volumes A C Z"^ are denoted by -ffi , a self-adjoint 



i/(^)=i/^^)+Fi^) on f{A), (3.7) 

where Hq is a self-adjoint restriction of Hq to the finite-dimensional Hilbert space 
^^(A), and V^ is the restriction of VL, to A. (In the discrete case our results are 
not sensitive to the choice of i?o,Aj they hold for any boundary condition.) Given 
a Borel set J C M, we write P^ '{J) = P^ (J) = Xji^L ) for the associated 
spectral projection. 

What makes the discrete case much easier than the continuum is that in the 
discrete case finite volume operators are finite-dimensional and each random vari- 
able couples a rank one perturbation. Given a unit vector </? in a Hilbert space Ti, 
we let Hip denote the orthogonal projection onto C(p, the one-dimensional subspace 
spanned by (p. With this notation, the potentials in in (j3.5p and (13. 7p are given by 
sums of rank one perturbations: 

VL; = ^ Wj-Hj and V^^^ ^^ujjUj, with n^=ns^. (3.8) 
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For rank one perturbations Lemma 13.11 has the following consequence. 



Lemma 3.2. Let Hg be as in Lemma lS. l\ with W — Hip for some unit vector ip £ Ti. 
Then, for all a, 6 G M with a <h we have 

trP,(]a,6]) < l + trPt(]a,6]) for all 0<s<t. (3.9) 

Proof. Let < s < t. Recall that for any c e M we always have 

< tr P,(] - oo, c]) - tr Pt(] - oo, c]) < 1, (3.10) 

the last inequality being a consequence of the min-max principle applied to rank 
one perturbations, e.g. [Kil Lemma 5.22]. Thus (I3.9|l follows immediately from 
(EH). □ 



For rank one perturbations the fundamental spectral averaging estimate p.3p 
may be stated as follows: Consider the random self-adjoint operator 

H^=Ho+^np on H, (3.11) 

where Hq is a self-adjoint operator on the Hilbert space TL, (f £ TL with \\ip\\ = 1, 
and ^ is a random variable with a non-degenerate probability distribution /i with 
compact support. Let P^{J) — Xj{H{) for a Borel set J C M. Then for all bounded 
intervals / C M we have |W1 ES Icmi [HI [^rfll IUoHK2j 



¥.^{{ip,P^{I)ip)}:= j d^Ji{S,){v,PdI)v)<Q^{\I\). (3.12) 

The Wegner estimate for an Anderson model [W |IFrS|ICKMl[Ki] is an immediate 
consequence of p. 121) : 

¥.[trP\,yi)] = 5]E^. {e^^. {(5„Pit^(/)5,)}} < Q, (|/|) |A|. (3.13) 

jeA 

We can now prove Minami's estimate for an Anderson model for arbitrary /i 
with compact support and no atoms, a result previously known only for /x with a 
bounded density [Ml iBHSl iGrV] . 

Theorem 3.3. Let Hi^ be an Anderson model as in (|3.5p . with fi arbitrary except 
for compact support and no atoms. Let A C Z"* 6e a finite volume. For any bounded 
interval I we have 

{(trP(^)(/)) (trP(^)(^) -l)} < {QA\I\)\Mf- (3.14) 

Theorem 13.31 is extended in [CoGK] , allowing for n arbitrary intervals and ar- 
bitrary single-site probability measure n with no atoms. We also give applications 
of (|3.14[) . deriving new results about the multiplicity of eigenvalues and Mott's for- 
mula for the ac- conductivity when the single site probability distribution is Holder 
continuous. 

Proof of Theorem \3.S[ Fix A C Z"* and let / be a bounded interval. Since the 
measure fi has no atoms, it follows from (|3.13p that E^^ < trPii, ({c}) > = for any 
c e M. Thus we may take all intervals to be of the form ]a, b], and use Lemma l3T2l to 



E 
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decouple the random variable loj from the random variables a; j" . In view of (j3.6|) , 
for all Tj > AI, j E Z'^, we have 

{t'Pi"{I)) (trP™(/)-l) =i:{(%,P™Wi,)(t.-^i"U)-l)} (3-15) 

jGA 

We now average over the random variables u) = {'^j}jez<'- Using (|3.12p . we get 

E» { (tr PL'''(r)) (tr P™ (/) - l) } (3-16) 

jeA 

jeA 

This holds for all tj > M, j E Z'*, so we now take tj — M + Cjj, where u) = 
{ujj}.^^a and u} — {ujj}.^^^ are two independent, identically distributed collections 
of random variables. Now r = {Tj}-^^d are independent identically distributed 
random variables with a common probability distribution ^t such that Q^^ = Q^. 
We get 

E^{{tr Pi^Hl)) (trP(^)(/)-l)}=E.{E^{(trPi,^)(/)) (tr Pi,^) (/) - l) } } 
<Q^(|/|)EE(^.,,^.)(trp(;)i^^^.^(/))<(Q^(|/|)|A|f, (3.17) 

jSA 

where we used the Wegner estimate p.lSp . (More precisely, we estimate as in 
(|3.13p : the random variables do not need to be identically distributed.) D 

3.2. Stepping up to the continuum. Unfortunately things are not so simple 
for the continuum Anderson Hamiltonian. The main reason is that the random 
potential VL in ()2.3|) is a sum of independent random perturbations of infinite 
rank, not rank one as in the discrete case, and thus the a priori bound in (|3.10p . 
and also Lemma IX^ are not applicable anymore. 

To prove Minami's estimate on the continuum we will use the fundamental spec- 
tral averaging estimate as in (|3.4p . The straightforward expansion of the trace in 
()3.13p and p.l6p cannot be used for the spectral averaging, even with Uj instead of 
Sj , and will be replaced by a more sophisticated expansion in terms of trace class 
operators, as in [CoHl [CoHK2| (cf. (|4.ip - (|4.5p ). Lemma [XT] will be modified, since 
the term in brackets in (|3.ip does not satisfy an a priori bound as in (|3.10p anymore. 
This term will be estimated using the Birman-Solomyak formula (cf. (|5.3p . (|5.4p ). 
The bound in (|3.10p is then replaced by averaging the resulting expression over 
all the other random variables and using the Wegner estimate (|2.13p (cf. ()5.9p ). 
The resulting bound is useful if the constant Kw in (|2.13p is not too big (we have 
Kw = 1 in the lattice, as can be seen in (|3.13p V Since previous proofs of the Weg- 
ner estimate do not give the desired control of Kw, we must revisit the Wegner 
estimate. We introduce a double averaging procedure that provides the desired 
estimates on the constant Kw (cf . Lemma 14. ip . In addition, because of the way 
we use the Birman-Solomyak formula, we do not have freedom in the choice of Tj 
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as in ()3.15|) . we have to take tj = Mp. Thus we cannot average in t as in (|3.17|) : 
this argument is replaced by a refinement of the Wegner estimate where one of the 
random variables is fixed (cf. Lemma l4.2p . 

4. The Wegner estimate revisited 

Let iJoj be the Anderson Hamiltonian, -Eq > 0, / C [0, Eq] an interval, and A a 
finite box. To prove the Wegner estimate (|2.13p . it is shown in [CoH| [CoHK2| that 

trPi,^)(/) <QiJ2 |tr{v^Pi,^H/)V^T;*,t^}| , (4.1) 

j,k£A 

where \ T- ^.' > ^ are (non-random) trace class operators in L^ (A) such that 

E |fc'.t' ]^Q^^ (4-2) 



max ■ 
jeA 



fceA 



with Qi, Q2 constants depending only on Eq, d, u, Vpcr, Mp. Letting T j^' = t/| /J 
be the polar decomposition of the operator 2T- j, , recalling that then T- j. 



^j-k 



TT{A)rr.iA)^r{A)* 

'-'j,k ^j,k ^3,k 


and setting 








^r'-iE(^'r 


+ 






fcsA 


we obtain 









> for j e A, (4.3) 



trPi,^)(/)<Qi5]tr{v^^Pi,^)(/)VT^5f)}, (4.4) 



jeA 



with 



max|tr^f)} <Q2. (4.5) 

jSA ^ J 

If we now take the expectation in (|4.4p . use p.4p and (|4.5p . we get the Wegner 
estimate (|2.13p with i^vF = QiQ2- 

We will need control of the constant Kw and a Wegner estimate with one of the 
random variables, say wq, fixed. In the course of obtaining control over K\y we will 
derive (|4.ip with estimates on the constants Qi and Q2 in the case when (5_ > 1. 



4.1. A Wegner estimate with control of the constants. 

Lemma 4.1. Let H^^ be an Anderson Hamiltonian. 

(i) Assume S- > 2. Then there exists a constant Cay ^^ such that, given an 
energy Eq > 0, (|2.13p holds for all intervals I C [0, -Bo] with a constant 

Kw < Cd.y^.^ (£i)' 7rf(Bo)min{l,£;2'-'^-i} max {1,^2'+'} , (4.6) 

where we have 7d(-Bo) = 1 if d > 2, and ^i(Eq) — Ji.v ^^{Eq) g]0, 1] with 
limfio^o 71(^^0) = 0. 



12 



J.-M. COMBES, F. GERMINET, AND A. KLEIN 



(ii) Assume S- > 1. Then, given an energy Eq > 0, (|4.H) - ()4.5p hold for all 
intervals Id [0, -Bo] with constants 



gi = (l + Bo)'"^" and Q^^C'ay^^^, 
id hence (j2.13p holds for all intervals I C [0, Eq] with a constant 



Kw<C'^y^^Jl + Eor^ 



2[[f]] 



(4.7) 



(4.8) 



(m) 



Proof. Assume S- > m, where m is either 1 or 2. We set x) — XAm(i) ^^^' 
j E T := T n Z'', where T is either R'' or a finite box A (recall that in this case 
XA„(j) denotes X\ r ■): & sub-box in the torus). Note that for any jo G T we have 



E 

ie(io+mZ<*)nT 
We also let x-"'^ = Wj^^xl™'' on A„j(j), xl"'^ 



(m) -I 



(4.9) 



otherwise. It follows from 



that Xj ^ U-'^Xj ■ (Recall we write Uj for u^ .) 

To prove (i), assume 5_ > 2. We write uj' = {ij-'j}j(r2z<'i '^" = {'-^j}j(f2Zd- We set 



H. 



(4.10) 



Note that H^^rr is a 2Z'^ ergodic family of random self-adjoint operators, and we 
have 

H^>H^n>Ho, H^n>V^n. (4.11) 

Fix an energy Bq > 0, a box A, and let / =]a, b] C [0, Eq]. Set p = 2''+^ Given 
i > 0, the function (?((a;) = (1 +tx)~ ^ is convex on the interval ] — 7iOo[- Thus, 
using (|4.1ip . we can proceed as in [CoH] using convexity and Jensen's inequality, 
cf. Lemma FB. 11 and then (|4.9p and (|2.5p . to get 



(4.12) 



^^pL^\1) < (1 + tBo)'^tr JP^^H^) (l + tH, 

<{l + tE,f^ir\pi^\l)(l + tHl^}y^''pi^){I) 
= {l + tE,f^tr\^Pi^\l)(l + tHl^}y"'^ 

j,keAr]2i'' ^ 
^{1 + tEof' Y: triv^,Pi^Hl)^xf[l + tH^J: 



m-'\i^) 



j,k£An2Z'' 

It then follows from (|3.4p . proceeding as in (|4.ip -(|4.4 p (see also |CoHK2i Lemma 2.1]), 
that 



K^'tvPi^\l)<{l + tEof''p+\I\ J2 

j,keAn2Z'' 



xfu^+^H^y^'x^' 



(4.13) 



Kil + tEof'uZ'p+lIl J2 

j,kehr\2V 



xf'U + tH^: 



(A)\ 2P (2) 



Xk 
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We now use several deterministic estimates. First, 
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y?(i^tH^ 



-2p 



(2) 



reAn2Z'* 



Xfe 



m 



(4.14) 



(A) 



xr 1+^^' 



.(2) 



x<^^(i + ^ie') xi: 



(2) 



Second, 



xf[i + tK^; 



W\ %(2) 



(4.15) 



< 



xf (i + ti/^^O"^^'^ 



xf (i + ti/^O"^''^ 



Third, we estimate 



(2) /, , ,rr(A)\ P (2) 

X 1 + tH^,! xi- 



We use the precise estimate provided in |GK2 



using the Combes- Thomas estimate. 
Eq. (19) in Theorem 1] (with 7 = i), 



modified for finite volume operators with periodic boundary condition as in [Fl 
Lemma 18] and |K1K[ Theorem 3.6], plus the fact that we are using boxes of side 
2. We have {L > Ld), with d\{j,r) the distance on the torus A, 



xr{i+tHt:^)y''x^ 



t-p 



xfUt-'+HL^)y\?^ 



(4.16) 



< t-P (f )%^e"57S'^^(^'''-) 






(D'^e^N/te s^''" 



Fourth, note that 



.(2) 



xrMi+^^i^' 



.(2) 



< 



X,'\\-rtH^l 



Xj ( 1 + i^^" I Xj 



.(2) 



x^^Mi + iff,^,/ 



(A) 



(4.17) 



X?'{l + tHl^Yx?' 
We now average over a;". Using (|4.14p - (|4.17p . we have 



E^/. 



xf (i+^^i:^T^^'' 



x?'(i+ti7i:)))~M^) 



(4.18) 



<E<. 



x^ii+tH^ywf' 



X?' [l + tHl 



x'C'[l + tHl 



X.r 



Xfe 



< Pt ■■= IE. 



Xo [^ + t^u," ) Xo 



(2) 



where we used Holder's inequality plus translation invariance (in the torus) of the 
expectation. 
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It now follows from from gH]), gH]), (liHj) . (|4l7l) . and (|4l8l) that 



E^ 



^j,feeAn2Z'' 

j,fe,rGAn2Z'' 



(4.19) 



Vsez / 

1 / /""^ 1 \ ^'^ 

< 2-'^/3te^ (1)^1 A|( 1 + 2 / dse~^^'''j 

1 / \ 2d 

<2-'*ftei^(|)^|A|(l + 16dVi) , 
so we conclude from (|4.13l) that 

E^ trPi,'^)(/) < (lY ^ (l + tEofPpte^ (l + 16^7^)'%+ |/| |A| . (4.20) 

We now estimate (3f We have, using periodicity, and again Lemma IB. II with 
h'^^) > Vu.>, and (1231). 



/3*:=E..^tr^X^^^(l + tF^0^'x^^^ 



<^¥.^„{tr{[l + tH'-^:i] ^ {l + tV^ 



f^E^n {tv\[l+tH, 



(A) 



rH 



l + tH, 



(A) 



(4.21) 



gE^„ |tr |(1 + tV^„)-^ (l + tHl"^}) ' (1 + tK." 
E^.. |tr ixo^ (1 + tVu:"r^ (l + tHl^'Y" (1 + ^K; 



)-x^^^ 



= E^. |tr |(1 + tV^„)-^' Xi^ (l + tHl";}) * x[,'^ (1 + tV^")-^- 



< 



(1 + tu^uoy^ tr ^ x^'^ (l + tHi'^^y^ xl^^ 



where we set, with Q := {0, 1}'* \ {0} C Z'^, 

'^o = ^<^o,q; with ujo^q:=mm{ujq+i; ie2Z'^,\q + i\^^l} . (4.22) 

Note that |Q| = 2^^ - 1, and {q + 21'^) D {q' + 2Z^') = if g, <?' e Q, with q ^ q' , so 
{d)o,^} gQ are independent random variables. 
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Now, with 9 := max{— essinf V^cr,0}, 
tr[x'^'{l + tHl^)y\^^^] (4.23) 

where we used the fact that since p = 2'''^^ > 4[[|]], where [[j]] is the smallest 
integer > |, it follows that tr -j Xq i^L'' + 1 + Q) Xo f i^ uniformly bounded, 

independently of A (e.g., as in |GK4i proof of Lemma A.4]). 
Moreover, since p = 2"^+^ > 2(2^^ - 1), 

E^,-{(l + tu_cjo)"*} < ]^E^.. {(l + iu_cDo,5)"^I^^} 

qeQ 

= TT Eu." \ max (1 + tu^LU„+.iy^i^^ 



< 



{2dE^,[il + tu-LUo) ^n^})' ' (4.24) 



<{2dp+ duja {I + tu^LUo) 2(2^-1) 

^f 2d{2^-i)p+ y ^^,ff±''-' 



Thus, we have 



A<C^,eniax{l,t-2''U|^j , (4.25) 

so it follows from (|4.20p that 

IEa;trPi^)(/) < (4.26) 

^{l+tEof^\^{l + 16dViy'me.x[l,t-'''}f-^^ p+\I\\A\. 
If Eq < 3, we choose t — ^, obtaining 

E.trP(^)(/)<C^;ef— ) Ef-'^-'llWA]. (4.27) 



U- 



If i^o > 3, we take t = 1, getting 



E. tr Pi^^ (/) < CX,e ( ^ ] ' E^^ \I\\A\ . (4.28) 



Thus, for all £^0 > we have 

2"-! 



E.trP('^)(/)<^ (^) ^iiin{l,<-'^-i}max{l,Sr^}p+|/||A|. 

(4.29) 



16 J.-M. COMBES, F. GERMINET, AND A. KLEIN 

For d = 1 we need to do a bit better. In this case we redo ()4.23p as follows: 
tr{x'^'{l + tHi^)y\'^']<tr[x^^^{l + tH^^)y\^^^^ (4.30) 

<«*:=tr{x^^'(l + tiJr)"x^^^ 
For d ~ I the estimate (|4.26l) now becomes 

E^trPi^'Hl) < ^ [l + tEof e^ (l + leVt)' at (^) P+ \I\ |A| , (4.31) 

and thus (|4.29p becomes 

Ec.tr P£^)(/) < ^ ^7i(i5o)max{l,i?«}p+|/||A|. (4.32) 

where 7i(i?o) ^ 1 a-nd limsQ^o 7i(-£'o) = uniformly in A large. 

This proves (i). To prove (ii), we now assume ^_ > 1. We proceed as in the 
proof of (i), with uj' — lj and uj" = {(jJj}jf^zd = 0, that is K," = and H^^/f = Hq. 
We also now fix p = 2[[|]]. Then (jiTT^ yields glj) with Qi = (1 + t^o)^^ and 



t'.J} = xf' (l + tH^o^A ^Xk\ Proceeding as in (liTHl - dil^ gives gj) with 



L4J 

Q2 = /?^e^(|)^(l + 32M)'^ (4.33) 

where, as in (|4.23p . 






A'"' - 



X^o'^{l +tH, 



tVx'^^ 



< Cd,eniax{l,t-P} < Cd.e- (4.34) 



We now set i = 1, obtaining (|iT)l and (|i^ . D 

4.2. A Wegner estimate v^rith wq fixed. Let T = Al(0) or R'^. Given r G M, 
we consider (recall uq = u) 

<(o. ..) = <(o, ,„„=.) - i:fi^^ + (r - c.o)u. (4.35) 

Lemma 4.2. Lef iJ^^ fee an Anderson Hamiltonian, Eq > 0. Given r G M, i/iere 
exists a constant Kw — Kw{d, u, Vpcr, Eo,t), such that for any interval I C [0, Eq] 
and finite box A — Ai(0) we have 

E^(o, {trP/^,^0, _,)(/)} < Kwp+ \I\ |A| . (4.36) 

Moreover, if S^ > 2, we have 

Kw < Q,yp„.r (f + £^0)'"^" • (4.37) 

Proof. We will show that [CoHK2| Proof of Theorem 1.3] can be modified to yield 
the proposition. To do so, we introduce the background potential 

Hi:=Ho + T J2 ^3 = -A + V^^l (4.38) 

where Vpcr = V^cr + '''X]ie2Z<' ^j i^ ^ 2Z'^-periodic potential. It follows that 

H(^^(o)^r)^ Hi+V^(o){t), with T/^(o)(t) := ^ {ujj-t)uj+ ^ WjU^. 

je(2Z)<i\{o} jez\(2Z)d 

(4.39) 



E, 



POISSON STATISTICS FOR EIGENVALUES 17 

The main point is that the single-site potential uq — u does not appear in the sum, 
but all the other u^'s appear with a random coefficient. 

To prove (|4.36p with no conditions on 6- , we proceed as in |CoHK21 Section 2] . 
We take an interval / C [0, Eq], write I ^ [0, Eq + 1]; I and / replace the intervals 
A and A in |CoHK2j . The potential Va in [CoHK21 Eq. (2.7)] is replaced by 
V\o^{t), which only involves the random variables a;(°^ As a consequence, the 

sum in [CoHK2| Eq. (2.10)] runs over indices i,jG A\ {0}. The spectral averaging 
in |CoHK21 Eq. (2.13)] can thus be performed with respect to the random variables 
u;(°). Similarly for |CoHK2[ Eq. (2.18)], since i^(n),,j„ of |CoHK21 Eq. (2.17)] is 
now constructed only with the single-site potentials Uj's present in V J^{t), that 
is, Uj with j e A \ {0}. We thus get the analog of |CoHK2l Eq. (2.20)], with 
Mo^Mp + \t\, namely, with Pi{B) = xs(^i), 

■(") {tr{p£^<l,^,)(/)Pi^^^(M\/)}} </^ip+|/||A|, (4.40) 

for an appropriate constant Ki. 

It remains to bound £^^(0) \tr < P, ,„) \{I)Pi \i)\\- Foi' this purpose, we set 

Vi= E "J' (4.41) 

je(oi+2Z<i) 

where ei — (1, 0, 0, . . . , 0) ^ 2Z'', we use Hi and V^ , the restriction of Vi to A, 
instead of Hq and Va = X^jezdnA^i' ™ *^^ crucial estimate [CoHK21 Eq. (2.1)]) . 
Since Hi and Vi are both 2Z''-periodic, we have, by [CoHKT l Proposition 1.3] (see 
also |CoHK2[ Theorem 2.1]) the equivalent of ( |CoHK2[ Eq. (2.1)]), 

pW i!)vWp(A) (J) > ^(£,^^ ^^ y^^^^ ^^pW (j)^ (4 42) 

with a constant C{Eq,u, Vpor,T) > 0. Since 

Vi < V :- E "^' (4.43) 

jez^vfo} 

it follows that 

Pf ^ (/)l>if Vf ) (/) > C{Eo,u, Fper, T)Pi^^ (/). (4.44) 

As a consequence, we get |CoHK21 Eq. (2.21)] with Va replaced by V^^ , and hence 
we obtain the analogous of |CoHK2[ Eq. (2.31)]: 



E,. 



{tr {pi^\l)V^t'Pl!^U,^^iI)V,^^^Pi^\l)}} < K,p^ \I\ lA] , (4.45) 

for an appropriate constant K2. 

The desired ^^^ now follows, as the analogue of [CoHK2[ Eq. (2.32)]. 
If (5_ > 2, we have 

E uj > u^XA, (4.46) 

j6((io+z<*)\{o})nA 



so we can apply the proof of Lemma l4. II (ii) to the random operator H^^(o) ^ getting 
KM with Km . ' D 
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5. The Minami estimate 
Theorem 12.21 follows by combining Lemma k.lf i) and the following lemma. 

Lemma 5.1. Let H^^ be an Anderson Hamiltonian with a uniform-like distribution 
/i. Let Eq > and suppose the Wegner estimate (|2.13p holds for all intervals 
L C [0, Eq] with a constant K\y such that 

2KwU+f- < 1. (5.1) 

Then there exists a constant Km = Km{u, p±, Mp, Eq, d) such that the Minami 
estimate (j2.19p holds for all intervals I C [0, Eq] . 
If S- > 2, we have the estimate 

Km < C\v,.^,M, (1 + ^o)^"^" . (5.2) 

Proof Let A be a finite box. It follows fi-om ((2T3l) that E^ |trPi,'^^({c})| = 

for any c S K. Thus we may take all bounded intervals to be of the form ]a,b]. 
For such an interval we modify Lemma |3. II as follows: Given (5 > small, we pick 
a nonincreasing function h E C°°{M.), such that h{t) = 1 for t < and h{t) — 
for t > S. Note that < h < I, h' < 0, supp/i' C [0,6], J^dth'{t) = -1, and 
we can choose h so \h'\ < |. Given c e M, we set hc{t) = h{t — c), and note that 
hc-s < X]-oo,c] < he- We let / —]a, b]. Is —]a — S,b + 5]. Using h, we rework p.ip 
in the following way. Given j G A and r > Mp, we have 



trPi,^) (/) < ti-h, (i/i^) j - ti-ha-s [Hi^^ 

^ {tr^.«i,.,..o)) -t'-'^^K},.,..))} (5-3) 

We now fix T = Mp and use the Birman-Solomyak formula (cf. |Si2p as in 
|CoHK3i Eqs. (7)-(8)], plus the hypothesis dH]), obtaining 

= -[ds tr {^h', «}^^^=,)) V^} (5.4) 

< I £ d. tr { V^P(;)J^^^^^, (]6, 6 + <5]) Vil-} 
<3|r/d^P(«)tr{v^P£i,^^^,)(]6,fo + <5])V^}. 

Note that Q t i'^f) is closely related to the spectral shift function associated to the 
pair H) i ^. and H} { ,. 
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Now let US fix £'0 > 0, let / =]a, 6] C [0, i?o[, and consider 6 > such that 
b + S <Eo, so Is C [0, £:o]- If trPi,'^^(/) > 1, it follows from ([131) that 

(trP(^)(/)) {trPi^Hl)-l)<Q^Y.tr{^Pi^\l)^sf}{trPi^\l)-l), 

JSA 

(5.5) 
so, using (|5.3p and (|5.4p . we get 

(5.6) 



where for each j G A 



$(A) 



I'K) := (Cl'^,^) - 1) +trP(^l,,) (/.) (5.7) 



is independent of the random variable ujj. If trPl, (/) < 1 , we have Pi (/) = 0, 
and hence we also have (15.61). 



Thus, if we now take the expectation in (|5.6p . use p.4p and (|4.5p . we get 

E{{trPi^Hl)) {trPi^Hl)-l)}<QiQ2P+\I\J2^^f{^KrH)} 

jeA 

= Q,Q2P+ \I\ IMK^i {<.'('^fe)} (5.8) 

for any fe € A. 

We will now estimate E^± {'^[^r i'^k)] ■ I* follows from dSH) and (|213l) that, if 
we have (|5.ip . 



rE, 






E tr { V%<) (]^ ^ + 6]) V^} \ (5-9) 



< ^I^- {^^-^-^^ (]&:^ + ^])} < 2KwU+^ < 1. 



In this case, we have 



{^^(u;^)} <E^.{trp(^i^^^(/,)} <XwP+(|/| + 2<5)|A|, (5.10) 



where we used Lemma W?2[ where Kw — Kw{d, u, Vpa-, Eq, Mp). 
Combining (|5.8p and (|5.10p we get 



E 



{(trPi^)(/)) (trP(^)(/) - 1)} < Q1Q2AV |/| (|/| +2<5)(p+ |A|)^ (5.11) 



Letting (5 ^ we get ^^TW) with A'm = Q1Q2KW 

US- > 2, the estimate (jO]) follows from gj]) and ((437|) . D 
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6. POISSON STATISTICS 



In this section we prove Theorem I2.3f a) . 

Let H,^ be an Anderson Hamiltonian, and suppose X is an open interval such 
that for aU large boxes A the estimate (|2.19p holds for any interval I C T with 
|/| < So, for some So > 0, with some constant Km- (We will assume that a given A 
is large enough.) Recall we have ()2.13|1 for these intervals with some constant Kw- 

Let £ e Jn S^L be such that the IDS N{E) is differentiable at £ with n{£) := 
N'{£) > 0. It follows from ((TTO)) that we then have 

< n{£) < Kwp+. (6.1) 

We fix an open interval Xi such that f G Xi C Ii C In "Ep^ . Note that for each 
bounded Borel set B C M there exists cb = cb.£,Xi < oo such that f + |A| B C Ti 
and £ + \Af^ B < (5o if |A| > c^. The point process ^^'> = ^^^^ (cf- dSIZl)) has 

an intensity measure given by i^*^^-* {B) := E^i, ^ {B) for a Borel set B C M; it follows 
from (Pr^ that, 

ly'-^^B) <KwP+\B\ for all A with |A| > CB. (6.2) 

We start with the same general strategy used in |Mo2| [M] . We fix a g]0, 1[, and 
divide A == Ai,(0) into Ml boxes A^™) = Ai{k^) of side i^ L^^d.^ 2N, centered at 
/fc™ e A n (2Z''); note Ml = ]^ ~ L'^^'^'''. For each m = 1, 2, . . . , A/l we define 
point processes 

Ci'^'™)(B) := trPi,^*'"''(£ + |AP^ B) for a Borel set B C M. (6.3) 

Note that \ Q^ '" \ are independent, identically distributed point pro- 

L J m=l,2,...,Mi, 

cesses, each with intensity measure (using (|2.13p ) 

j,(A,m)^^) := Eei'^^")(B) < Kwp+ \B\ M-^ for aU A with |A| > cb- (6.4) 
We consider their superposition, the point process 

Ml 

CL^^ := E ^^''""^ (6-5) 

TTl — 1 

with intensity measure 

V^^\B) := ^11^\b) < Kwp+ \B\ for aU A with |A| > cb- (6.6) 

We will prove that ^i, ^ « ^i, ^ as L ^ oo, and that ^i, converges weakly, as 
L -^ oo, to the Poisson point process £, with intensity measure i^(-B) :— E£^{B) = 
n{£) \B\. But here we must use different methods from |Mo2ilM] . 

So let 6*1, = ^£ i, be the random measure defined in (|2.24p ; its intensity measure 
is 

rj^'^HB) -.^Eel^^B) = \AU£ + \A\-' B), (6.7) 

where rj is the density of states measure, given in (j2.16p . It again follows from 
(Pr^ that 

r]'^^^B) <KwP+\B\ for aU A with |A| > CB. (6.8) 

We start with a lemma. Given a measure rj on R, we write ri{f) :— L f drj for 
suitable functions /, say, / G J-b,K, the collection of bounded Borel functions on M 
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vanishing outside a compact interval. It follows from p.l7|) that for all / G Tb,K 
we have 



en/) = trhiHi^^), where U{E) := / (|A| {E - £)) 
with similar expressions for ^i, ^(/), fi, [f), and ^L ^J). 
Lemma 6.1. For all f G J-b.K we have 



(6.9) 



and 



hm E 

L— >oo 



lim E 

L — >oo 



eH/)-eH/) 



en/) -en/) 



= 



= 0. 



(6.10) 



(6.11) 



Proof. In view of ^^, jUl), and (EH), it suffices to prove ([QO]) and ([OT|) for 
/ e C^(M), since {/ G C^(M); supp/ C J} is dense in L^{J,dE) for any interval 
J. 

So let / G Cf'(R). To prove (lOOll . we set f « ^ - \/£, A^™'') = Ar(fcm), and 
A(™.") = A,(fc,„) \ A,,(fc,„). Using XA = E1=i Xa(™), we get 

Ml 

eH/)-en/)= E (tr{xA(™)/A(i/i^))XA(™)}-tr/A(i/i^*"'))) (6.12) 

m— 1 
Ml 

= E (tr{xA<'».')/A(ffi^))XA<-)}-tr{xA(..,o/A(i/i''""'))XA(™.'.}) 

771—1 

Ml 

+ E (tr{xA(™.")/A(i?i^^)XA(™.")} -tr{xA(™..,/A(ffi^""'))XA("-/')}) . 

m— 1 

We now use the fact that the expectation is invariant under translations in the 
torus to get, for any rn. 



E 



en/)-e^(/) 



'(A), 



< MlE 
+ MlE 



tr- 



{xa(™,')/a(H(,'^))Xa("..')} -tr{xA("^,')/A(i^i^""'))XA("-/)}| (6.13) 
tr{xA(™.")/A(i?i^))XA(".")} -tr{xA<™,")/A(i?i^""'^)XA('".")}| . (6.14) 

It follows from the Wegner estimate (I2.13P that 

A(™^")| 



MrM 



tr 



{xA(™.")/A(i?i^')XA(".")} 



<Mr 



< Ml ' ,., ^ Kwp+ |A| / |/a| (^)d£; 



|A| 



^Etr{|/A|(i/(^))} (6.15) 
-^W'P+ ll/lli- 



|A| 

U(myO 



A( 



Similarly, 



MlE 



tr 



{xA(™."./A(i^i''*'"'^)XA(™.")} 



|A(™'")| 



|A(™)| 



<A^LL^Etr{|/A|(il(^'"'))} (6.16) 

|/A|(£;)dii; = LI if^p^ 11/11^. 
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Since 



|A(™.")| ^ £d-iv:^_ 1 

I AM I l'^ ~^i 



1 



as L 



oo, 



(6.17) 



the term in (|6.14p goes to as i -^ oo. 

To finish the proof of (|6.10p we need to show that the term in (|6.13p also goes to 
as L ^ oo. To do that we wiU use that X\ C S^'", the Helffer-Sjostrand formula for 
smooth functions of self-adjoint operators, and estimates on Schrodinger operators. 

Given a box A, we identify L^(A) with the subspace of L^(M'') consisting of 
functions vanishing outside A. Given a function e C^(R), we let VF((?!)) to be 
the closure of the local first order differential operator [A, (/)] on C^(R). We set 
X4> ■= Xsupp0, XV0 := XsuppV0- and note that W{(j)) = XV4>W{(p) = W{(f>)xv4> = 
X'V4>W{(j))xvij>- We recall that if suppc/) C A°, the interior of A, which here may be 
either a finite box or M'', we have 



(^i^^ + l) "^0) = m-^) (i^i^' + l) 



(6.18) 



where Ci depends only on d. We also recall that for all a; G A we have 



XAi(2;) 



ff (^) + 1 



< 6*2 < OO with pd = [f ] + 1, 



(6.19) 



the constant C2 being independent of x and A for L > 2 (cf. [K1KS| Eqs. (130)- 
(136)]). 

We now recall the Helffer-Sjostrand formula; cf. [HuSi Appendix B] for details. 
Given g e C°° (R) and m e N, we set 

{{9}},n := E / d" l5'''^HI (1 + l"!')"^- (6-20) 

If {{.g}}„j < 00 with m > 2, then for any self-adjoint operator K we have 

!{K)^ I &g{z){K-z)-\ (6.21) 



where the integral converges absolutely in operator norm. Here z = x + iy^ g(z) is 
an almost analytic extension of g to the complex plane, dg{z) :— :^dzg{z) dx dy, 
with dz — dx +idy, and |dg(z)| := {2Tr)~^\dYg{z)\ dxdy. Moreover, for allp > we 
have 



\dg{z)\ 



1 



ISzlP 



< Cp {{5}}^ < 00 for m>p+l 



(6.22) 



with a constant Cp. 



Since / € C^(R), we have, using the Helffer-Sjostrand formula, with A — A^, 



Ri^\z) = (hL^^-z 



and R, 



L^'"'\z) = ( 



= H, 



(M' 



— z ) , and taking (j>o E 
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C^(A^_iod(fcm)), such that < (/)o < 1 and 0oXA,_2Od(fe™) == XA,_20d(fe™)' ^^at 



Tl'^^ :=XA(™.')/A(i?i/'^)XA(™.') -XA(.".')/A(i?i^*'"'^)XA(".') 

d/A(^) |xA("..')i?L^n^)XA(™.') - XA("..')i?2'^'"H2)XA(™.') I 

d/A(^) |xA(.".')i?L^H^)<^OXA(".') - XA(".')0oi?L^""n^)XA("..')} 

2 ^. J 



(6.23) 



(6.24) 



where we used the geometric resolvent identity. 

Now let us pick functions (pi £ C^(R), i = 1,2, . . . ,2p—l, such that < (f>i < 1, 
<l^iXV4>i-i = XV0,_i, and X0iXA,_3Od(fc™) = for i = 1, 2, . . . , 2p - 1. Using the 
resolvent identity 2p — 1 times we get 

XM^.o Ri^Hz)W i^o) (6.25) 

= {xAi^:oRl^\z)} {w{^2p-i)Rl^Hz)W{c^2p-2)} {xv0.,_.i?L^H^)} 

X {w{c^2p-3)RL^\z)W{<f>2p^4)} . . . {xvc^.RL^\z)} [w{<t>i)Rl^Hz)W{c^o)} ■ 

We now use that the integral in (|6.24p is performed over a compact domain in M^, 
which depends only on the function /, so there is constant Cf such that for z in 
the region of integration we have 



and hence, using (|6.18p and (|6.19|) . we have 



< 



Cf 



Wi<j>,)R^^Hz)Wi(t^,-i) 



< 



CfC^,C^,_, 



r-Jz 



and, for B C Al' C A, 



XbRL^Hz) 



Pd 



< ^ \A,, 



r-jz 



(6.26) 



(6.27) 



(6.28) 



We now choose p — pd a.s in (|6.19p . and note that we can choose the functions 
4>i G C^(R), i = 1,2, . . . , 2pd — 1 so that the constants C^. are independent of A, 
say all Q, < C3 From (I05)) . 1^:^ and (I05)) . we get 



XA(™.') R[^^ (z) W-(0o)i?L^'™^ (z)XA(™.) 



(6.29) 



< 



C/C2 



A(^ 



Pd / n r''2\ P'i 



\\5Z\ 



XV^oR^u>'"'Hz)XA<.^.) 



< C,C'/P- \-sz\-^P' \\xv^oRL^'"'\z)xm^., 

We now use that Xi C E'^'^, the region of complete localization for H^^. The 
term in ((6l3)) is M^E JTi,"^' |, with Ti,"^' as in (jOS)) . It follows from ((Oi)) . ([QS]) 
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and (I6.29|) that for large L, 



MiEJT^^)} <MLCiC'f 



< MLCiC'flP" 



f 
dfAiz) 



d/A(z) I l^zr'"' E { \\x^4'oRi^^"'\^)XM^.'> II } 



P^yz 



|-2Pd-| 



XV4>oRL^^"'\^)xm^ 



(6.30) 



dfA(z) 



^zr^p'-^e- 



where we used (|A.4p and (|6.22p . Note that 2pd<d+l and 



{{/a}}„ < CeoJ^u |Ar 



for all TO = 2, 3, 



It follows that 



(6.31) 

as L — !■ oo. 

(6.32) 



Thus (|6.10p is proven. 

The proof of ((OT|) is similar. With A = Al(0), we set i' w L-%/L, A' = Al'(O), 
and A" = A \ A'. We have 



e[!:-\l) - t^\f) = tr{xA/A(i/c.)XA} - tr/A(i?£^)) 

= (tr {XA'/A(ffc.)XA'} - tr {xA'/A(i^i^')XA' }) 

+ (tr{xA."/A(i/c.)XA"} -tr{xA"/A(i/i''^)XA"}) , 
and hence 

E|e'(./)-d^n/) < 

■ IXA' /a (i^o, )XA' } - tr {xA' /a (i^i''^ )XA' } 



(6.33) 



E 



tr^ 



■E 



tr 



•{XA."/A(i/c.)XA"} - tr {xA"/A(i?ii'^)XA"} 

We now use the Wegner estimate (|2.13|) to obtain 

I A" 



E 



tr 



{xA"/A(Hi'^))XA"} 



■{\h\{H^^^)} 



|A"| _ ,.,/",„,,„..„ |A" 



(6.34) 
(6.35) 

(6.36) 



- W^^''+ l"^' Jk '^^' ^^^ "^^ " W^"^^^ "•^"' ' 



and 



E|tr{xA"/A(i?.,)XA"}l < |A"|Etr{xo|/A|(i?i^^)xo} = |A"|A^(|/a|) (6.37) 
< |A"| Kwp+ I I/aI {E)dE = ^i^wp+ ll/lli . 

Since -Wp ~ -4^, the term in (|6.35p goes to as L — > oo. 
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To finish the proof of ()6.11|) , we need to show that tlic term in (|6.34p also goes 
to as L -^ oo. As before, we use the HelfFer-Sjostrand formula. We have, taking 
00 e Cf (AL_iod(0)), such that < 0o < 1 and 0oXAz.-2od(o) = XAz,_20d(o)7 that 

SL'''> -.^XA' h{Hu,)xA' - XA'/A(i^i^)XA' (6.38) 

d/A(z) \xK' Ru:{z)xh-' - XK' R\^\z)xk'^ 

d/A(z) \xA'Ru>{z)(i)oXh' - XA'4>^R[!^\z)xh'j 

dhiz) {xa'RUz)W{MRL^\z)xa'}. (6.39) 

Proceeding as in (|6.25p - (|6.29p . we get 



XA'Ru.{z)W{^o)R[!^\z)xa' 



< C^C'fLP" |3z| 



-2pd 



X^4'aRL^Hz)XA' . (6.40) 



Recah Xi C S^l. The term in (lOD is E{s'i'^^|, with si^'^ as in (I05|) . It 
follows from (|6.39[) and (|6.40p that for large L, 



]£• 



{Si""^} < CiC'fLP- /J^/a(^)| \^z\~^'''E[\\xv^,Ri^\z)xA'\\} 



< MLCiC'fLP^ 



dfAiz) 



|CJ^|-2p.-^ 



< C,C}LP-+''{p+ + VpT) / d/A(z) |3z| 



< LP^+^'^e-^^ C2,,+4C4C}(p+ + VpT) {{/a}}2,,+2 



XV0o^if^(^)XA' 



-2Pd-f g-L5 



(6.41) 



<L' 



"+5d„-L4^ 



-2pd + 



iCf^EoAP+ + VP+) ^ as L ^ oo 



where we used (|A.4p and (|6.22p . 

Thus (j6.1ip . and the lemma, is proven. 



D 



Given point processes {Cn}„gN and C on M, we let Cn => C denote the weak 
convergence of C„ to C as n ^ cx). We recall |DV[ Proposition 9.1. VII] that C„ => C 
if and only if 



lim Ee^'^"^^) = Ee"'^'-''' for aU / G Ck,+ (I 



The following lemma shows that it suffices to prove that ^, 
Theorem [23i;b). 

Lemma 6.2. ^i, ==> C */ o,i^d only if ^il, ^ ^. 



TtA) 



(6.42) 
^ to prove 



Proof. If ^,;, i — 1,2, are point processes on R, defined on the same probability 
space, we have, for all / e Ck,+ {^), 



.-Ci(/) 



-C2(/) 



<E|Ci(/)-C2(/)| 



(6.43) 



The lemma follows immediately from (|6.42l) . (|6.43p . and Lemma [HT] 



D 
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We are now ready to prove Theorem I2.3r a) . In view of Lemma 16.21 it suffices 
to prove that ^i, => £,■ By standard resuhs from the theory of point processes 
(cf. [DVl Theorem 9.2.V and subsequent remark]; see also |Kr| Theorem 2.3]), this 
is equivalent to verifying the following three conditions for all bounded intervals / 
(recall A = Al(0)): 

lim max P{^2^'™)(/) > 1} = 0, (6.44) 

L^oo m— l,2,...,Mi 



Ml 
L — >^oo 



hm J2 n^i^'^^Kl) > 1} - n{£) \I\ , (6.45) 

m— 1 

Ml 

lim y Pld^'"'^^) > 2} = 0. (6.46) 



L — >oo 

771—1 



Since P{^if '"^(7) > 1} < E |d'^'™H/)|, (lOl) follows immediately from ([13). In 

addition, it follows from the definition (|6.3p and the estimate (j2.19p . that for all A 
with |A| > cj we have 

p{^(A,™)(j) > 2} < iE{(e''")(/)) (e'"H^) - l)} < Km (p+ 1^1 M^'f , 

(6.47) 
so (|OS| follows. 

Thus Theorem 12. 3r a]) is proved if we verify condition (|6.45[) . To do so, we first 
notice that 

oo 

E {^(^■'")(/)} = ^PUif'^H^) > k}, (6.48) 

fc=i 
and, as in IKrI. 



/c^2 fc^2 

oo 

J2 Hk - iM^^'^^Hl) = k} = E[ [^i^''^\T)) {C^"'Hi) - 1) } 



< 

fe=2 

It thus follows, as in (|6.47p . that 

Ml 

< E {^(f )(/)}- ^ P{e^'")(/) > 1} < MlKm {p+ \I\M£'f^ OasL -- oo. 

m— 1 

(6.50) 
We conclude that (|6.45p is equivalent to 

limE{Sf)(/)}=n(5)|J|, (6.51) 

and hence, by Lemma |6.1[ equivalent to 

hm E{0i^\l)}=n{£)\I\. (6.52) 

But it follows from (16.711 that, for all A such that lAI > c/ 



E\eyy{I)} = \A\r^{£ + \A\-^I) = \A\ n{E)dE. (6.53) 

-' J£ + \A\-^I 
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Since by our hypothesis £ is a Lebesgue point of the locaUy integrable function n{E) 
(cf. [Yl Definition 25.13]), and the sets £ + |A| / shrink nicely to £ as L ^ oo 
(cf. [YJ Definition 25.16]), we can use the Lebesgue Differentiation Theorem (cf. "Yl 
Theorem 25.17]) to conclude 

lim |A| / n{E) dE ^ n(£) \I\ . (6.54) 

Thus ()6.52|) . and hence ()6.45|) . is proven, completing the proof of Theorem l2.3f a). 



7. Simplicity of eigenvalues 

We prove Theorem I2.3f b) proceeding as in I KIM] . Let H^^ be an Anderson 
Hamihonian, and let X be an open interval such that for large boxes A the estimate 
(|2.19p holds for any interval / C I with |/| < Sq, for some Sq > 0, with some 
constant Km- We call ip G L'^(M'') fast decaying if it has /3-decay for some (3 > — 

which in the continuum means that xi ' ip 

where {x) :— \/l + |a:p. We will show that, with probability one, H^^ cannot have 
an eigenvalue in X with 2 linearly independent fast decaying eigenfunctions. 

Let / C I be a closed interval, g > 2d, i g 2N large, A/, = Ai(0). We cover 
the interval / by 2 ([^|/|] + l) < L'^\I\ + 2 intervals of length 2L-«, in such a way 
that any subinterval J C I with length \J\ < L^'^ will be contained in one of these 
intervals, {[x] denotes the largest integer < x.) Let BL.i,q denote the complement 
to the event that tr Pi,^^^(J) < 1 for all subintervals J Cl with length \J\ < L"?. 
The probability of BL,i,q can be estimated, using (|2.19p and 



2 ' 

< C^{x)^^ for some constant C^, 



p{trPi'^)(/)>2}<iE{(trPi^)(/)) (tr p£^) (/) - l) } , (7.1) 

by 

P{Sl,7,J < \KmpI{LV\ + 2)(2L-«)2L2rf < 2KmpI{\I\ + 1)1-^+^". (7.2) 

Thus, taking scales Lk = 2'^, A; = 1, 2, . . ., it follows from the Borel-Cantelli Lemma 
that, with probability one, the event BL^,i,q eventually does not occur. 

Let oj be in the set of probability one for which we have pure point spectrum 
with exponentially decaying eigenfunctions in the region of complete localization 
'EP^ . Suppose there exists E € X{^'Ep^ which is an eigenvalue of H^^ with 2 linearly 
independent eigenfunctions. In particular these eigenfunctions decay exponentially, 
so, if we fix /3 > ^, they both have /3-decay. Pick an open interval I B E, such 
that / C I n 2^^^ . [K1M[ Lemma 1] can be adapted to the continuum by using 
smooth functions to localize the eigenfunctions in finite boxes. It then follows that 
for L large enough the finite volume operator i/i, ^ has at least 2 eigenvalues in the 
interval Je,l = [E — el, E + el], where el = CL~^'^^ for an appropriate constant 
C independent of L. Since (3 > ^ there exists q > 2d such that (3 — ^ > q, and 
hence El < L~'^ for all large L. But with probability one this is impossible since 
the event Bi^^j,^ does not occur for large Lk- 

Theorem 12. 3f b) is proven. 
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Appendix A. The region of complete localization 

In this appendix we discuss localization for an Anderson Hamiltonian H^^ . Local- 
ization is most commonly taken to be Anderson localization: pure point spectrum 
with exponentially decaying eigenstates with probability one. It is also natural to 
consider dynamical localization: the moments of a wave packet, initially localized 
both in space and in energy, should remain uniformly bounded under time evolu- 
tion. For the multi-dimensional continuum Anderson Hamiltonian, localization has 
been proved by a multiscale analysis [HM. CoH. Klo. KiSSi iGDl IPaSl IGKTI IGK3] , 
and, in the case when we have the covering condition 6- > 1, also by the fractional 
moment method [AENSS]. These methods give more than just Anderson or dy- 
namical localization, although they imply both. In the case when both methods are 
available, i.e., S- > 1, they have the same region of applicability (see |GK5|. IKI]). 

Thus, following GK5j . we consider the region of complete localization S for an 
Anderson Hamiltonian H^i , defined as the set of energies E ^M. where we have the 
conclusions of the bootstrap multiscale analysis of |GK1| . ie., as the set of i? G K 
for which there exists some open interval I 3 E, such that given any C, < C < 1, 
and a, 1 < a < C~^, there is a length scale Lq G 2N and a mass m > 0, so if we 
take Lk+i ~ L^, with Lk+i E 2N, /c = 0, 1, . . . , we have 

¥{R{m,Lk,I,x,y)}>l-e'^'^ (A.l) 

for all fc = 0, 1, . . ., and x,y E 'L'^ with |a; — j/| > Lk + g, where £) > is a constant 
depending only on supp u, and 

R{m,L,I,x,y)= (A.2) 

{ui; for every E' E I either Al(x) or Ai(y) is {oj, m, i?')-regular} . 

Given E E R, x E 7^'^ and L E 6N, we say that the box Al{x) is (w, m, i?)-regular 
for a given m > ii E ^ a{H'^''^''^^) and 

\\Tf)R(J^-i-)){E + i5)xK,(.)\\<e-'^^ for all <5 G M, (A.3) 

where R[^''''''^\E + i5) = [H^J"''^''^^ - (E + iS))-^ and T^^^ denotes the charateristic 
function of the "belt" AL_i(x)\AL_3(a;)- (See [GKTI [GK4l [GK5l IKI] : note that aU 
the proofs work with the definition (jA.3[) . i.e., with the insertion of "for all (5 G M". 
They also work with the finite volume operators with periodic boundary condition 
used in this article.) 

By construction 'Ep^ is an open set. It can be characterized in many different 
ways |GK4[[GK5| . For convenience, our definition includes the complement of the 
spectrum of H^^ in the region of complete localization, that is, M \ E C S*-'^. The 
spectral region of complete localization, 'Ep^ n E, is called the "strong insulator 
region" in |GK4] .) If the conditions for the fractional moment method are satisfied, 
S coincides with the set of energies where the fractional moment method can be 
performed. (Minami [M] proved Poisson statistics for the Anderson model in the 
region of validity of the fractional moment method, in other words, in the region of 
complete localization for the Anderson model.) 

We use the following estimate. 

Proposition A.l. Consider a closed bounded interval I C S*^^. Then for all z E C 
with ^z E I, and boxes A = Al, we have, for s g]0, |[ and £, g]0, 1[, and x,y E A 
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with \x-y\> (logL)^ + , 

^{\\x^'^Ri^H^)xl}^f} < C.,,,c(P+ + x/PT)e-l^-^l' (A.4) 

forL>L,iC,I,s). 

We will need the following consequence of the Wegner estimate (|2.13l) . 

Lemma A. 2. Let I = [c, d] be such that (|2.13p holds for any subinterval of [c — 
\,d+ 1] with a constant Kw- Then for any s G ]0, ^[, box A, and z G C with 
SRz e /, we have 



E{||i?£^)(z)|| }<CsKwP+\A\. 
Proof Let 5Rz G /. It follows from ((2l3)) that for alH > 1 
F[\\R^J^\z)\\>t}<lKwP+\M 



Thus 



E{||i?L^)(z)|| }=y ip{||i?i^)(z)|| >t}dt 

+ I t (^KwP+ |A|) dt < 1 + C',KwP+ |A| , 



< 1 



(A.5) 
(A.6) 

(A.7) 
D 



If we have the covering condition (5_ > 1 , (jA.5[) holds without the volume factor 
in the right hand side [AENSS] . 

Proof of Proposition \A.1\ Given < ^ < 1 , we pick C, such that C^ < C < C < 1 
(always possible) and set a = 4, note a < ^^^. Since / C 'Ep^^ there is a scale 
Lo G 2N and a mass m,^ > 0, such that, if we set Lk+i ~ LJ?, with i^+i G 2N, 
A: = 0, 1, . . . , we have the estimate (|A.ip for x^y Gl/^ such that ja; — t/| > Lk + Q- 

Let us now fix A = A^, x,y € Al nZ*^, and pick k such that L^+i + g > \x — y\ > 
Lk + Q. In this case, if u; G R{m(^, Lk, I,x,y), then for 5Rz G / either Al^,{x) or 
ALfc(y) is (w, m, 3fiz)-regular; say Al^{x) is (w, m, 5Rz)-regular. (Note that we take 
the boxes of size Lk in the torus A.) Then, using GKl, Eq. (2.9)] and (jA.3p . 



xi'^RL^Hz)xi'^ 






< 7/ 

Thus, with s g]0, j[, using Lemma rAr2l 

E{||x(,'^i?L^^Wxi'^|f; '^ G i?(mc,i/c,/,.x,z/)} < 7|e-^™^^E{||i?£^)(. 
< aifwP+ lAhle-^"^^ < C,jp+ lAle-^'"^^, 



(A.8) 



(A.9) 



and 



E 



{||xt'^^i''^Wxi'^|f ; u;iR{m^,Lk,I,x,y)} 



< E 



Rl^H^ 



2s 



{¥{uiR{m^,Lk,I,x,y)}Y 



(AlO) 



< {C2sKwP+ \A\y e-^^" < C'^j {p+ |A|)^ e" 
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It follows, that for Lk sufficiently large, that is, \x — y\ large, we have 

E{||x«i?£^H^)xi'^|f} <C.,,,c(p+ + VPT)|A|e-^^^- (A.U) 

< Csj,cip+ + VpT) |A| e-'-'^Ui < C;,,^(p+ + VpT) |A| e-^!--''!' , 

so (IA.4I) follows for |a; — i/j > (logL)« (with a slightly smaller ^). D 

Appendix B. A convexity inequality for traces 

The following inequality was used in [UoHl Proof of Proposition 4.5]. 

Lemma B.l. Let Hi and H2 be two self-adjoint operators on a Hilbert space Ti., 
such that Hi is diagonalizable and Hi > H2 ■ Let f and g be bounded Borel functions 
on some open interval I D cr(Hi), such that g is real-valued, nonincreasing, and 
convex on I . Then 

tr {f{Hi)g{Hi)f{Hi)] < tr {f{Hi)g{H2)f{Hi)] . (B.l) 

Proof. Let ip E H, \\(p\\ = 1, be an eigenvector of Hi with eigenvalue A, that is, 
Hiip = Xip. Then 

(<p, f{Hi)g{Hi)f{Hi)^) - /(A).g(A)/(A) = f{\)g ((v^, Hi^)) /(A) (B.2) 

< /(A)g((^,i/2^»/(A) < /(A)(^,g(iJ2)^>/(A) = {ipJ{Hi)g{H2)f{Hi)v)., 

where the first inequality follows from g nonincreasing and Hi > H2, and the 
second inequality used the convexity of the function g, Jensen's inequality (cf. [Yl 
Theorem 14.16]), and the spectral theorem. 

Since Hi is diagonalizable, the inequality (jB.ip follows by expanding the trace 
on an orthonormal basis of eigenvalues fot Hi and using (|B.2p for each term. D 
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